Low-energy antiproton capture, p +He + → pHe 2+ + e, is investigated using a wave-packet-propagation fullquantum-mechanical method or a quantum-classical hybrid ͑i.e., semiclassical͒ approximation. If the adiabatic picture ͑i.e., Born-Oppenheinmer separation͒ is a good approximation, the antiproton capture, which is a typical nonadiabatic process, can rarely occur. It is found that the probability of the nonadiabatic transition is small ͑at most ϳ0.1͒. However, even in the zero energy limit ͑E → 0͒, the antiproton capture always occurs for the total angular momenta J Շ 40. Correspondingly, the cross section for the antiproton capture diverges as E → 0. This happens due to the peculiarity that the Coulomb force range is longer than the centrifugal one. The importance of a Rydberg series of resonances in the capture process is emphasized. On the low-energy dynamical feature, some interesting similarities to the e + ion system are also found.
I. INTRODUCTION
Recently, much progress has been made in the theoretical study of low-energy collisions of antiprotons ͑p͒ with atoms or molecules. Performing a full quantum-mechanical ͑QM͒ calculation has become possible especially for p + H collisions ͓1-3͔. As usually done in the study of heavy particle collisions, we look at the p + H system by using the adiabatic picture ͑Born-Oppenheinmer separation͒. Owing to the negative charge of p, the lowest adiabatic potential curve crosses with its ionized ͑p + p͒ one at the so-called Fermi-Teller critical distance ͑R FT = 0.639 a.u.͒ ͓4͔. Evidently, the adiabatic approximation is unacceptable in the vicinity of R FT . The presence of the critical distance brings about the situation that the ionization occurs very easily ͑its probability is indeed close to unity͒ whenever p could sufficiently approach H ͓2,3͔. Accordingly, the cross section for the p capture p +H→ p p + e becomes extremely large as the energy decreases. Such a behavior is expected to be commonly observed for most of the neutral targets.
To see how the situation changes for the p collisions with ion targets, the present study investigates the p capture by He + in the 1s state at energies below the first excitation threshold ͑=40.82 eV͒, i.e., p + He + → pHe 2+ + e. ͑1͒
In the adiabatic approximation, the electron can be bound for all the distances between p and He + ͑no critical distance like R FT exists͒. In previous studies ͓5-7͔, the adiabatic approximation was found to be very useful for the description of the metastable states of antiprotonic helium atoms pHe + . If the adiabatic condition were well satisfied also in the p +He + collisions as frequently happened in slow atomic collisions, the nonadiabatic process ͑1͒ would be negligible. However, even if the incident energy is very small, as p approaches He + the Coulomb attraction yields a large gain of the relative kinetic energy, which may be sufficient to induce a nonadiabatic transition. Using the fermionmolecular-dynamics ͑FMD͒ method, Cohen ͓8͔ obtained the result that the capture cross section became much larger for p +He + than for p + He at very low energies. This may suggest the significance of the nonadiabatic effect in the low energy p +He + collisions. At the present time, only a few studies have been made for the ion targets at low energies ͓8-11͔. It is an important subject to clarify to what extent the adiabatic approximation is applicable to the p + ion collisions.
In the present study, we consider the QM method based on the wave-packet-propagation technique, which is the same as applied to the p + H system ͓2,3͔. However, the stronger Coulomb attraction causes the QM calculation to be much more laborious for p +He + than for p + H. We also consider a quantum-classical ͑QC͒ hybrid ͑i.e., semiclassical͒ method, which was found to be very useful for the p capture in p +H ͓12,13͔. The QM and QC calculations are both carried out to be complementary.
II. OVERVIEW OF THE COLLISION SYSTEM
First, we overview the p +He + system using the adiabatic picture. The adiabatic wave function ␣ of this system for a fixed distance R between p and He + satisfies the Schrödinger equation
with
where r is the distance between e and He 2+ , the angle between R and r, m r the reduced mass of the e +He 2+ system, l the electronic angular momentum operators, and U the sum of all the Coulomb interactions. The subscript = l z is the magnetic quantum number along the R axis, and ␣ =1,2,... identify the adiabatic states having the same . Here and in the following, atomic units are used unless otherwise stated explicitly. Figure 1 summarizes the adiabatic potentials E ␣ ͑R͒ as a function of R. The electronic excited levels form an infinite Rydberg series converging to the ionization limit for each PHYSICAL REVIEW A 74, 022709 ͑2006͒
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where E is the center-of-mass relative collision energy, and E 1 ͑R = ϱ͒ = −2 a.u. In the present study, the excitation channels ͑␣ , ͒ 1 are all closed in the separation limit. However, all the potential curves go down far below E 1 ͑R = ϱ͒ a.u. as R becomes small. Therefore, no matter how the collision energy is small ͑i.e., E → 0͒, the nonadiabatic transition becomes possible at small distances. From the figure, the range that any nonadiabatic transition as well as ionization can occur is estimated to be R r ϳ 1 a.u. at E ϳ 0. ͓The potential −2 / R is equal to E 1 ͑R = ϱ͒ at R = 1 a. At low collision energies, the angular momentum plays a very important role in the relative ͑R͒ motion. Figure 2 shows the effective potential
where m R is the reduced mass of the p +He + system and L the relative angular momentum quantum number. When L Ͻ L c = 38, the lowest energy E ion L =−2m R / ͑L +1͒ 2 of atomic states of pHe 2+ , given by the effective potential L͑L +1͒ / ͑2m R R 2 ͒ −2/R, is below E 1 ͑R = ϱ͒. In this case, the ionization is certainly possible at any energy. When L ജ L c , the fact that E ion L Ͼ E 1 ͑R = ϱ͒ implies that the ionization seldom occurs at E ϳ 0. Strictly speaking, the ionization can still occur in this case by the nonadiabatic coupling with the ionized states having L Ͻ L c ͑L is not a good quantum number͒. However, the transition following the large change ͉⌬L͉ is negligible ͓5-7,14͔. In any way, we can anticipate that in the zero energy limit, a wide range of the angular momenta up to L ϳ L c has non-negligible contribution to the ionization. This peculiarity occurs because the Coulomb potential range ͑ϰR −1 ͒ is longer than the centrifugal one ͑ϰR −2 ͒. A very similar situation arises in e + ion scattering.
III. COLLISION THEORY

A. Full quantum-mechanical theory
The time-dependent Schrödinger equation of the p +He + collision is given by ͓2͔
where J is the total angular momentum quantum number, M its magnetic component in the space-fixed ͑SF͒ frame, and p = ± the total parity. The total Hamiltonian H is given by 
where L is the angular momentum operator of the relative motion. We employ a body-fixed ͑BF͒ frame in which the z axis is chosen along R. Hence, L 2 is replaced by ͑J − l͒ 2 , with J being the total angular momentum operator. The total wave function ⌿ JM͑p͒ can be expanded in the form
where
with D M J being the rotation matrix element, and = l z = J z in the BF frame.
The initial condition can be given by J͑p͒ ͑R,r,,t = 0͒ = 1 ͑r,;R͒͑R͒␦ 0 , ͑11͒
where 1 is the ground-state ͑1͒ adiabatic wave function defined by ͑2͒, and the Gaussian wave packet representing the incoming radial ͑R͒ motion.
B. Quantum-classical hybrid approximation
We also consider the QC approximation, in which the relative radial distance R is given as a time dependent parameter, and the other degrees of freedom are described by quantum mechanics. In this case, the time-dependent Schrödinger equation becomes ͓15͔
and
In the QC approximation, R͑t͒ is considered to be a classical trajectory representing the relative radial motion. Unfortunately, we have no way of giving such a classical trajectory without any ambiguity. Previous studies ͓3,12,13͔ suggest that one of the best choices is to use the adiabatic potential E 1 ͑R͒: Namely, the time dependence of R is determined from
In V eff 1 ͑R͒, L is replaced by J because the electronic angular momentum is much smaller than L in most cases.
The initial condition is given by QC J͑p͒ ͑r,,t = 0͒ = 1 ͑r,;R 0 ͒␦ 0 , ͑16͒
where R 0 = R͑t =0͒.
C. Numerical solution
The wave packet propagation was calculated on a grid of points in the ͑R , r , ͒ space for J͑p͒ ͑R , r , , t͒ and on a grid of points in the ͑r , ͒ space for QC J͑p͒ ͑r , , t͒ by using a discrete-variable-representation ͑DVR͒ technique ͓16,17͔. The grid points are taken to be the zero points of orthogonal polynomials. We used the N R zero points of the Chebyshev polynomial ͓18͔ for R, the N r zero points of the generalized Laguerre polynomial ͓18͔ for r, and the N zero points of the Legendre ͓18͔ or Gegenbauer polynomial ͓18͔ for . As in the p + H system ͓2,3͔, the inclusion of the ͉͉ = 0 and 1 states is sufficient. A fourth-order Runge-Kutta formula was applied for the time evolution.
IV. PRELIMINARY INQUIRY USING QUANTUM-CLASSICAL HYBRID METHOD
For the QC calculation, we chose a sufficiently large number of grid points, i.e., ͑N r , N ͒ = ͑40, 5͒. We checked the accuracy of this choice by carrying out some calculations for the larger number set ͑N r , N ͒ = ͑50, 6͒, and a relative error of the transition probability was estimated to be mostly less than 1%.
We introduce the probability that the system is in the adiabatic state ͑␣ , ͒ at each time t, i.e.,
where R = R͑t͒, and the subscript r means the integration over r. In the QC calculation, we cannot directly describe the pHe + formation as long as the R motion is given by the potential scattering ͑15͒. However, as in previous studies ͓12,13͔, we can assume that the probability of pHe + formation is equal to the probability of the ionization obtainable from the QC calculation. Accordingly, we define the direct capture probability by
where the final time t f is given by R͑t f ͒ = R 0 , and the summation is taken over all the adiabatic bound states. Although the excitation channels are all closed in the separation limit, the QC method provides non-negligible probabilities for the excitations. This may seem to happen due to the defect of the QC method. However, as demonstrated in section V, the finite excitation probability has a physical significance. Here, the capture probability ͑18͒ is defined as the one coming from the direct ionization. First, we show the R 0 dependence of the direct capture probability P QC,dir J ͑t f ͒ in Fig. 3 . As noted in Sec. II, the range of the interaction that can induce ionization is ϳ1 a.u. Correspondingly, the probability is almost independent of R 0 for R 0 տ 1 a.u. This is a great advantage in our performing the QM calculation because we can set the center of the initial wave packet at a relatively small distance, and can make the total propagation time shorter and the number of grid points N R smaller.
Next, we plot the direct capture probability P QC,dir J ͑t f ͒ as a function of the collision energy E in Fig. 4 . It is very interesting that the probability is almost independent of E over a wide range. This is easily understood from the fact that the effective local kinetic energy at small R can be much larger than the incident collision energy owing to the strong Coulomb attraction ͑Fig. 2͒. The same feature has been found in the e + ion system, and serves as the basis of the quantum defect theory ͑QDT͒ ͓19,20͔. An important point is that we need no repetition of the calculation at different energies in the low energy region. As J increases, a shallower effective potential well causes the E dependence to be more significant. However, as seen in Fig. 4 , the probability itself becomes negligibly small.
V. FULL QUANTUM-MECHANICAL CALCULATION
A. Numerical parameters
Unfortunately, it is quite difficult to carry out the QM calculation for the number of grid points ͑N r , N ͒ = ͑40, 5͒. In the QM calculation, we chose the smaller number set ͑30,2͒. To check the validity of this choice, we calculated the direct capture probabilities for ͑N r , N ͒ = ͑30, 2͒ and ͑40,5͒ by using the QC method, and show the results of the opacity ͑2J +1͒P QC,dir J ͑t f ͒ in Fig. 5 . On the whole, the agreement between the two results is sufficient for the present purpose. The agreement becomes better for the calculation of the cross section, which is 1.69 a.u. for ͑N r , N ͒ = ͑30, 2͒ and 1.70 a.u. for ͑40,5͒.
The motion of the wave packet along R is confined in the box of 0 ഛ R ഛ 3.5 a.u. As J decreases, the deeper well of the effective potential requires a larger number of gird points N R . We chose N R = 105 for J ജ 30, N R = 175 for J = 29− 23, N R = 262 for J = 22− 18, N R = 437 for J = 13, and N R = 700 for J = 8. The largest error of the transition probabilities is estimated to be ϳ3.5%. We could not obtain a sufficiently converged result by N R = 875 for J = 5. To avoid an artificial reflection by the outer boundary, we applied the absorbing optical potential to the outgoing wave at R Ͼ 2.3 a.u. The Laguerre grid can cover a large distance ͑r Շ 110 a.u. for N r =30͒ so that no optical potential was introduced for the propagation along r. However, if a much longer time evolution were considered, a larger N r would be needed ͑otherwise the optical potential should be applied at large r͒.
B. Initial wave packet
We prepared the initial Gaussian wave packet ͑R͒ in which the center was R c = 2 a.u. and the collision energy corresponding to the central momentum was E c = 0.5 eV, as shown in Fig. 6 . Because ͑R͒ has a finite value in the range of 1 Շ R Շ 3 a.u., the R dependence of 1 ͑r , ; R͒ must be explicitly taken into account in ͑11͒. In the QM calculations of p +H ͓2,3͔, the transition probability for each collision energy was extracted by the Fourier transformation from t to E of the scattered wave. The present wave packet has a very broad energy distribution up to E ϳ 6 eV. In such a case, however it becomes quite difficult to extract each energy component in a numerically accurate manner. A sharp energy distribution needs the wave packet broadly spreading in the R space. For this reason, the calculation of wave packet propagation becomes more troublesome as the energy decreases. Without extracting each energy component, we must characterize the dynamical process by using the probabilities averaged over a wide energy range ͑0 ഛ E Շ 6 eV͒. However, as was seen in the QC calculation, the transition probability is almost independent of E in this energy range. Therefore, no worry is needed for the information loss suffered from the energy average, and the present energy averaged probability is still useful for the understanding of the dynamical process.
C. Time evolution of the wave packet
The time evolution of the wave packet for J =25 is visualized in Fig. 7 by the contour plot of ͚ R 2 r 2 ͉͐ J͑p͒ ͑R , r , t͉͒ 2 dr at the different times t = 4.5, 49.5, 74.5, and 119.5 a.u. The panel ͑a͒ shows the incoming wave before the collision. At t Ӎ 49.5 a.u., the wave packet is reflected by the centrifugal potential. After that ͑t Ӎ 74.5 a.u.͒, the prompt electron emission, occurring locally at R ϳ 0.8 a.u., means that the pHe 2+ atoms are formed with the average radius of ϳ0.8 a.u. We can call this process direct capture of p. Examination of the wave packet propagation shows that the direct capture process completes up to the time t ϳ 80 a.u. In the panel ͑d͒, the wave packet corresponding to the direct capture is out of scope. The majority of the wave packet goes back along R ͑outgoing wave͒, and fades away at R տ 2.5 a.u. by the action of the optical potential. An interesting thing is that some portion of the wave packet remains localized at R Ͻ 1 a.u. and 2 Շ r Շ 8 a.u. for a long time after the direct capture completed. This portion indicates a compound of the three particles e, p, and He 2+ . Because the average distance between e and He 2+ is very large ͑ϳ5 a.u.͒, we can see that this compound is in electronic excited states. It is evident that the compound is formed as a Feshbach-type resonance state ͑pHe + ͒ ** ͑i.e., resonance capture͒.
VI. CAPTURE PROBABILITIES
Also in the QM calculation, corresponding to ͑17͒ defined in the QC method, the probability that the system is in the adiabatic state ͑␣ , ͒ at each time t can be given by The four panels show ͑a͒ the incoming phase; ͑b͒ the reflection by the centrifugal potential; ͑c͒ the electron emission and pHe 2+ formation; ͑d͒ the feature after the direct collision. Figure 8 shows the time evolution of P J ͑␣ ; t͒ for ͑␣ , ͒ 1. Although the excited channels are all closed in the separation limit, these probabilities remain finite even after the direct capture completed ͑i.e., at t տ 80 a.u.͒. This implies that P J ͑␣ ; t͒ for ͑␣ , ͒ 1 is related to the probability of the capture into the resonance compound. Unfortunately, these probabilities have obvious time variation all the time, and hence the adiabatic approximation is not suitable for the description of each resonance state ͓21͔. However, we can find that the total sum of P J ͑␣ ; t͒ over ͑␣ , ͒ 1,
becomes independent of t when t Ͼ 80 a.u. This time independent part is considered to represent the total amount of the localized compound portion seen in Fig. 7͑d͒ . Thus, the sum P res J ͑t 0 ͒ with t 0 Ͼ 80 a.u. has a physical significance, and can be interpreted as the total net of the resonance capture probabilities.
It should be noted that the particle absorption due to the optical potential takes place only for the open channel ͑␣ , ͒ =1. Therefore, corresponding to ͑18͒ defined in the QC method, the time-dependent direct capture probability in the QM calculation can be given by resonances, is of some help. In the e + ion scattering, an important physical quantity, obtained by the average over resonances ͑known as the Gailitis average͒, can characterize the resonances, and is usually found to be weakly dependent on the energy ͓20,22͔. We can naturally consider that the present QM probabilities P dir J ͑t 0 ͒ and P res J ͑t 0 ͒ are the resonance averaged ones similar to those defined in the e + ion study. Although of course the QC method cannot describe the details of the resonance phenomena, it is found to be still very useful for the calculation of the probabilities averaged over resonances.
Because the resonance state has a finite lifetime, the localized compound wave packet ͓Fig. 7͑d͔͒ will decay as time goes on. Figure 11 shows the time evolution of the probabilities P dir J ͑t͒, P res J ͑t͒, P sum J ͑t͒ = P dir J ͑t͒ + P res J ͑t͒, and P tot J ͑t͒ up to the longer time t = 300 a.u. ͑although a larger number of N r might have been needed for such long time propagation͒. At t տ 120 a.u., we can see that P res J ͑t͒ decreases gradually. This represents the decay of resonance states. For the time t Ͼ 150 a.u., the decay channel is considered to be mainly pHe 2+ + e because the sum P sum J ͑t͒ becomes independent of t. The fact that P sum J ͑t͒ rather decreases just before t Ӎ 150 a.u. may suggest that also the decay channel p +He + is important in this short time duration. ͑The outgoing wave corresponding to this decay channel is absorbed by the optical potential.͒ It should be mentioned, however, that these interpretations remain speculation. A more quantitative analysis and an extremely-long-time propagation are needed for the examination of resonance decay channels.
In the resonance state, the compound ͑pHe + ͒ ** reveals vibrational motion along R. The resonance decay cannot take place at any time of the vibrational motion because the occurrence of electron emission is always localized at R ϳ 0.8 a.u. As a result, the resonance process has a time the resonance phenomena is very interesting, the nonadiabatic process itself is less important in the present system. Therefore, we can conclude that the adiabatic approximation is appropriate in a large sense for the p +He + collisions, as well as for the metastable states of antiprotonic helium pHe
In both the QM and QC methods, if P J is the probability of some transition for J, the corresponding cross section is calculated by
where ⍀ = ͚ J ͑2J +1͒P J is the opacity sum. Table I shows the opacity sums ⍀ QC,dir = ͚ J ͑2J +1͒P QC,dir J ͑t f ͒ and ⍀ QC,res = ͚ J ͑2J +1͒P QC,res J ͑t f ͒ obtained in the QC calculation at E = 0.5, 2.5, 5.0, and 10.0 eV. The opacity sums are mostly independent of E for these energies. Therefore, the cross sections dir and res are found to be simply proportional to E −1 in a very good approximation over a wide energy range. The E −1 dependence, which is exact in the limit as E → 0, is evidently due to the Coulomb peculiarity. In the study of e + ion scattering, the opacity sum ⍀ is often called collision strength, which reveals loose energy dependene if averaged over resonances ͓20,22͔.
We can fit the direct and resonance capture cross sections in the form
The fitting parameter C was determined from the QM ͑E c = 0.5 eV͒ and QC ͑E = 0.5 eV͒ cross sections, and is shown in Table II . For the QM result, the cross section was calculated by assuming that P J = P J=8 for J Ͻ 8. The error due to this substitution would not be so significant.
The direct and resonance capture cross sections calculated by the QC method and the fitting form ͑25͒ are drawn in Fig.  13 . We can see that the cross sections are nicely approximated by the simple form ͑25͒ except at high energies. Also shown are the capture cross sections calculated by Cohen ͓8͔ using the FMD method. Although his results are for the radioactive isotope 8 He + , the isotope effect was found to be negligibly small for the capture. We see that the FMD method gives the cross sections too large compared with the present results except at high energies, and in addition the FMD results do not lie on a single curve C / E even at very low energies. The classical treatment sometimes fails for the process having a small transition probability. In the p +H collision, the capture probabilities were close to unity in the important range of total angular momenta, and accordingly the FMD or classical trajectory Monte Carlo ͑CTMC͒ results would not have been so different from the QM results ͓2͔.
VIII. DISCUSSION AND FURTHER REMARKS
The adiabatic approximation has proved basically tolerable for the understanding of the main characteristic of the low energy p +He + collision process. The same conclusion was obtained for the p +H 2 + system ͓9͔. Probably, the adiabatic approximation is better for p +H 2 + than for p +He + because the electron can escape from p by the H atom formation in p +H 2 + . Under the adiabatic approximation, the rearrangement process p +H 2 + → p p + H could be treated in the same way as the conventional chemical reaction problems ͓10͔. In this way, the adiabatic approximation is expected to work as a useful tool generally for the study of the p + ion system. It should be remembered however that the nonadiabatic coupling is by no means negligible in the p + ion system, and can generate an interesting dynamical process even at extremely low energies.
Here, we consider the isoelectronic sequence of the present system, i.e., p +A ͑Z−1͒+ , where Z is the nuclear charge. The range that the nonadiabatic coupling is important can be estimated to be R r ϳ 2/Z a.u., which decreases with Z. However, the critical relative angular momentum L c is found to be only loosely dependent on Z ͑L c ϳ 43 in the limit as Z → ϱ͒. As shown in the appendix, the relative importance of the e-p interaction is measured by the factor Z −1 . Using perturbation theory, we can see that the electronic excitation probability is proportional to Z −2 ͓23͔. Therefore, as Z increases, the nonadiabatic transition is expected to occur less frequently. However, even if the nonadiabatic transition probabilities were very small, the capture cross section would diverge as E −1 in the limit as E → 0 just due to the Coulomb peculiarity.
The fact that the Coulomb force dominates the dynamical process and further the non-adiabatic transition probability is small causes the resonance effect to be relatively significant in the capture process. The present QM and also QC methods were successful in indicating the importance of the resonances. It is further interesting to see the resonance profile and to know the branching ratio of the decay channels. However, the time-dependent wave-packet method would not be suitable for this purpose. Rather, a time-independent method might be more efficient. Considering the similarity to the e + ion system and the nearly energy independence of the transition probabilities, we can expect that the R matrix method ͓24͔ is useful for the detailed study of the present resonance process. This study is now in progress.
From the reduction rate of P res J ͑t͒ plotted as a function of t, we may calculate the decay rate ⌫ of the resonance state. Although this is a very crude estimate, we have ⌫ ϳ 10 13 sec −1 for J = 25 from Fig. 11 . When the energy is negative E = E vL Ͻ 0 ͑i.e., E tot Ͻ −2 a.u.͒, the effective potential V eff ͑R͒ can support bound states of p +He + , identified by the vibrational ͑v͒ and angular momentum ͑L͒ quantum numbers ͑cf., Fig. 2͒ is above E vL , the angular momentum change ͉⌬L͉ ജ 1 is required for electron emission ͓5,6͔. Such states have very long lifetimes ͓14͔, and as a consequence could be rather directly observed in experimental studies ͓7͔.
